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Abstract. The focus of this paper is on a thin obstacle problem 
where the obstacle is defined on the intersection between a hyper- 
plane T in W and a periodic perforation T E of M", depending on 
a small parameter e > 0. As e — > 0, it is crucial to estimate the 
frequency of intersections and to determine this number locally. 
This is done using strong tools from uniform distribution. By 
employing classical estimates for the discrepancy of sequences of 
type [ka}T =l ,a e K, we are able to extract rather precise information 
about the set TC\T e . As e — > 0, we determine the limit u of the solu- 
tion u £ to the obstacle problem in the perforated domain, in terms 
of a limit equation it solves. We obtain the typical "strange term" 
behaviour for the limit problem, but with a different constant tak- 
ing into account the contribution of all different intersections, that 
we call the averaged capacity. Our result depends on the normal 
direction of the plane, but holds for a.e. normal on the unit sphere 
in R". 



1. Introduction 

1.1. Formulation of the problem. We consider the thin obstacle 
problem in a class of perforated domains. For e > we construct 
a perforated domain T £ as follows. Let Q £ = (-e/2, e/2)" and let 
Q e (x) = x + (-e/2, e/2)". Note that the cubes Q £ (ek) for k e Z" are 
disjoint and 

keZ," 

Next we perforate each cube by a small hole: Let T be compact subset 
of the unit ball Bi with Lipschitz boundary dT, and for a £ < e/2 and 
k G Z", define T £ = a £ T and T k e = a £ T + ek. The set 

r e = |J T k £ 

keZ" 
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is to be thought of as a periodic background in the problem. 

Let Q be a domain in R", and let r = T v be a hyper plane with 
surface measure o, defined by 



(1.1) 



T v = \x G R n : x ■ v = x° ■ v] 



for given v G S" 1 and x° G IR". 
The set 



U 



r f = rn 



describes the intersection between the hyper-plane and the periodic 
background. Then, for a given ip G L°°(Q) Pi H^Q) such that xp < on 
<9Q, we define the obstacle 



V* = = | ^ 



_ J i/>(x) if x g r £ , 
if x £ T e , 



and the admissible set 

(1.2) = {f G Hj(Q) : z; > ^ e }. 

The inequality in (1.2) is to be interpreted in the sense of trace, i.e. 
Tracer, (u e - i/>) > on T e and u £ > a.e. in Q \ T £ . We consider the 
following thin obstacle problem, for / G L 2 (Q): 



(1.3) 



Li 



Vu £ ■ V(u - u £ )dx > I (v - u £ )fdx, for all v G 7C^ f , 



Q 



The variational inequality (1.3) has a unique solution u e G ( K^, E which 
can be obtained as the unique minimizer of the strictly convex and 
coercive functional 

J(v):= fhvv\ 2 -fvdx, veK^. 
Jn z 

We refer to Evans [6] for the definition of trace and for the above 
minimization problem. 

As £ — > 0, we are interested in the asymptotic behaviour of u £ . We 
want to determine u = lim £ ^ u £ in terms of an effective equation that 
it solves. The procedure of finding the effective equation, that does 
not depend on any microstructure in Q, is called homogenization. 
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1.2. Related Works. In [11], Lee and Shahgholian study the Diriclet 
problem in a domain Q with oscillating boundary data. The bound- 
ary data is the restriction to <9Q of a function g e that is e - periodic 
in M". The common feature of that problem and the present is that 
the asymptotic behaviour is very sensitive with respect to the normal 
field of the boundary, or in this case, the normal of the hyper-plane. 

Obstacle problems in perforated domains, i.e. obstacle problems 
where the obstacle is given by 

for some given T e , have been studied extensively. A common struc- 
ture of the set describing the perforations T £ is 

r £ = (J t* 

for some given set T and a £ = o(e), or a periodic distribution of holes 
on a hyper-surface in Q. The paper [5] by Cioranescu and Murat is a 
standard reference for these problems and the framework developed 
therein includes the hyper-surface case. Other interesting references 
for perforated domains include [1], [2], [3]. 

The novelty of this paper is that the perforated surface T £ does 
not have a lattice structure in the sense that the perforations are 
not evenly spaced, and this introduces a substantial difficulty. The 
approach taken in this paper is based on the energy method where 
the construction of correctors is essential, see section 1.4. Our main 
reference for this is [5]. 

1.3. Main Theorem. To describe the effective equation for u = lim^ u e , 
we introduce the averaged capacity, depending on a direction v. First 
we recall the usual capacity of a subset of R", A c Bi in case n = 2. 

Definition 1.3.1. If A is a compact subset ofW, the capacity of A, denoted 
cap(A), is 

cap(A) = inf |J~ \Vcp\ 2 dx : <p £ C C °°(1R"), <p > 1 on a| , ifn > 3, 

and 

cap(A) = inf j J \V(p\ 2 dx : <p e Q°(Bi), <p > 1 on a| , ifn = 2. 

There are several ways of extending the capacity to non-compact 
sets, see for example [7]. 
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Definition 1.3.2. [Averaged Capacity] Suppose T is a hyper plane in W 
with normal v e S"' 1 and define the family of hyper planes 

r v (s) := r + sv, se R. 

IfTcWand 

(1.4) f(s) = cap(TnT v (s)) 
is integrable, we set 

f(s)ds 

oo 

and call this quantity the averaged capacity of T with respect to v. The set 
T n T v (s) is illustrated in Figure 1. 

Theorem 1.3.3. Assume n > 3 and for a given v e S"" 1 and x° e R n , let 
T be the hyper-plane defined in (1.1). Let u £ be the solution to (1.3) and set 
a £ = £S=i. Then, for a.e. v e S"' 1 , u £ — >■ m in Hj(Q) wfere w is f/ie unique 
minimizer of 

(1.5) / v (z;):=^|Vz;| 2 -/z;dx+^p v (T) f((i}>-v) + ) 2 do, v>0. 

In particular, u is the solution of 

(1.6) -An = cap v (T)(\p - u) + do + fx{u>0}- 

Remark 1.3.4. It is interesting to consider the case when T a more general 
hyper-surface, for example a piece of a sphere or cone. In chapter 4, we 
prove Theorem 4.1.2 which is similar to Theorem 1.3.3 but only valid in 
dimension n > 5 and when T satisfies the condition 4.12. We are able to 
apply theorem 4.1.2 when T is a cylinder, see example 4.1.3, but we cannot 
verify its hypothesis when T is a piece of a sphere or a cone. This would 
require much more delicate error estimates of discrepancy, and remains an 
interesting problem. 

1.4. Outline of the paper. Our proof can be divided into two parts. 

• Local estimate of #(r n 7~ £ ). 

Since the sets T k e are located close to points ek, k e Z", we 
need to understand how often the hyper plane T intersects a 
certain neighborhood of ek, for all ek e Q. To localize this, 
consider a set E c proj R „ n T. Then T is close to a point 
ek = e(k',k n ) above E if the x„ - coordinate in (ek',x„) € T is 
close to ek n . Thus we are led to study the distribution of the x n - 
coordinates of T at points ek' e eZ"" 1 . This is done in Section 5 
on uniform distribution, where we recall some classical results 
and use them to prove the important Lemma 5.2.2. We prove 
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that for a.e. normal direction v of the plane T, this distribution 
is uniform, up to a small error. 
• Construction of correctors. 

Having control on the intersections we construct correctors 
w e that satisfy some standard assumptions, see lemma 2.0.8. 
The energy of the correctors, which is closely related to the 
capacity of the set T e , has to be finite and this determines the 
critical rate of a e . Below in 1.6 we give a heuristic explana- 
tion on how to determine a e using uniform distribution. In 
Section 2 we develop further properties of the correctors and 
prove 2.0.8. 

We remark that the character of the problem may change drastically 
if the normal of the plane is altered, or if the plane is translated. For 
example, if € T, the plane T = {x n = 0} intersects every T\ c 
Q for k = (k',0), but any small change in the normal will create 
completely different intersections. Also, for T = {x n = c} the number 
of intersections may be zero or very large depending on a choice of 
subsequence e ; — > 0. However, our result is that the character of 
the problem is the same for a.e. normal direction, and is translation 
invariant. 
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1.5. List of Notations. 

Q A bounded open subset of R", n > 3. 

| • | n - dimensional Lebesgue measure. 
Xe The characteristic function of the set E. 

H*(Q) the closure of C C °°(Q) w.r.t. the norm 

i 

imihj(o) = (L |Vw|2(ix ) 2 • 

Q e (ek) = (-e/2,e/2) n + ek, keX n . 

a £ = es=i. 

T a compact subset of Bi such that int(T) = T and dT is Lipschitz. 

T £ = a £ T. 

T\ = a £ T + ek, k e Z n . 

q £ q \ r t . 

T = T v a hypersurf ace in R" with normal v. 
cr surface measure on T. 

r £ = r n r £ . 

y £ = r n t*. 

cap(A) the capacity of the set A, see Definition 1.3.1. 

cap v (T) the averaged capacity of the set T, see Definition 1.3.2. 

T' Q = projjgn-iQ n T - the projection of Q n T on 1R"" 1 . 

Ze = e _1 r^ n Z"- 1 . 

#A = the number of elements of a finite set A. 

N(e) =#Z £ =# (e" 1 !^ n Z"" 1 ) . 

A( £ p, f) = #{k' eZ e -a-k'/Ze(t / t + eP)/X}. 

1.6. Heuristic arguments and computation of the critical rate. The 

proof relies on the construction of correctors similar to those of Cio- 
ranescu and Murat in [5]. We will prove the existence of a function 
w £ , called corrector, that satisfies the properties in lemma 2.0.8. Once 
this has been established our main theorem follows in a rather stan- 
dard way see Lemma 3.0.9 - 3.0.11. The function (ip - u £ ) + is used in 
place of z e , which is bounded if ip is. 

We obtain such w e by defining w e locally near the intersection 
between T and T\, a component of T £ . Suppose a £ < e/2 is a sequence 
whose decay rate is to be determined. For 

y\ :=rnr £/ 

we have diam(y^) = o(a £ ) and 



y\ = a £ (a' 1 ! n ta £ x k + r) := a £ (T n (T + translation)). 
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We define 

(1.7) w^J^ifi, 

k 

where w \ is the restriction of iv e to Q £ (ek), given by 
(1.8) 



w k = 1 on y \ 
Aw k = in B E/2 \ y\ 
w k £ = in Q e \ B e/2 , 



see Figure 2. The energy of the correctors, i.e. the quantity 

\Vw E \ 2 dx 



Q 



has to be uniformly bounded from above and below in order for 
lemma 2.0.8 to hold. We note that 



\ \Vw E \ 2 dx = Y f Nw k fdx, 
Jq t Jq 



and 



£ 

Jq 



\Vw\\ 2 dx « cap(y^). 



Since 

cap(y^) = cap(fl t (r n (T + translation))) = 



0« ! - 2 ) if n > 3, 
0((-logfl £ )- 1 )ifn = 2, 
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ek n - 


^ / 
£k n + a E d ^ 


\ 

) 

! / 

Ek \ ^ s(ak' 
- ek n + a e c 






Ek' 



Figure 3 



we should have 

(1.9, JT IVtoJ^r - C capfrE) = { C c ifC S a c) "- \ = 2, 

where A £ is the number of terms in the sum. 

The above energy calculation tells us that the energy of w e is related 
with the number of intersection points A £ between T k £ and T. So we 
need to estimate the size of A e . It is here that standard theory of 
uniform distribution and discrepancy enters into the game. 

To simplify the exposition we assume for the time being that 

Q = (0, l) n and I = {x ■ v = 0}. 

Suppose also v n + and that T may be represented as 

T = {(*', a-x'):x'e (0, If 1 }, a = (-vi/v„, . . . , -v„_i/v„). 

To count the number of intersection points, we just need to consider 
k' G e- l {Q,lf- 1 n Z" -1 . Among those k', whether T and T k E intersect 
or not is determined by the x n - coordinate of T at x' = ek'. In fact, it 
is necessary that 

e (a ■ k' - k n ) e (c £ , d e ) = (a £ c, a E d), for some k n e Z, 

where -|<c<d<|as indicated in Figure 3. Note that for each 
k' e e _1 (0, n Z' 1 " 1 there is a unique k n G Z such that a-k' -k n e 
(-1/2, 1/2], or equivalently, a-k'/Ze (-1/2, 1/2] /Z. 
Actually, T will intersect some T k above ek' if and only if 

(1.10) a-k'/Ze(cJe,d £ /e)/Z. 
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Hence 

(1.11) A £ = #{a ■ Jf/Z e (c e /e,de/e)/Z : Jf e Z £ }. 
In equation (1.10) k' ranges over the set 

Z £ := (ic'er 1 : ek' e (O,!)"" 1 }, 

which contains £ 1_n +o(e 2 " n ) points. We see that the distribution (mod 
1) of the sequence 

{a-k'} k > eZe 

will determine the number of intersections. This distribution de- 
pends strongly on the arithmetic properties of the components of a, 
and thus of the normal v. However, we prove later in Section 2 that 
for a.e. v £ S"" 1 the sequence is rather "well" distributed. By this 
we mean that the fraction of points in the sequence {a ■ k'} k > e z t . that 
intersect T £ equals the fraction that the interval (c e , d E ) occupies in the 
e cube, with some small error. This is true as long as d £ - c e is not 
"too" small. That is, if we define 

(1.12) N E = #Z £ * e 1 "", 
then 

,ox A £ rf £ -c £ /d e -c e \ /fl e \ 

(1.13) — = 1- error, error = o = o — , 

N £ £ \ £ / V £ / 

provided d e - c £ is not too small. The error in (1.13) can be estimated 
by the discrepancy (Definition 5.1.4) of the sequence 

{a ■ k' : k' e Ze\- 

The smallest distance h £ in the normal direction between two parallel 
translations of T that bound all intersections, see Figure 3, is related 

to d £ - c £ as 

(d £ - c £ )e n -v = h £ <^> (d £ - c £ ) = h £ /v n , 
and h £ = 0(a £ ). Using this in equation (1.12) and (1.13) gives 

(1.14) A £ = o{n £ jY 

Plugging this into (1.9) and using (1.12) yields, for n > 3, 



\Vw £ \ 2 dx < CA £ a" E - 2 = Ce 1 -"^- 2 = 
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Also, a smaller fraction of the intersections y\ will satisfy cap(y^) > 
ca"~ 2 , so we get a lower bound 

a 11 ' 1 r 
c^-< \Vw £ \ 2 dx. 
e" Jo 

Thus, the choice 

(1.15) a £ = e^r, n > 3, 

gives uniform lower and upper bounds on the energy of the correc- 
tors. 

If n = 2, the same argument as above, replacing a"~ 2 by (- loga £ ) _1 
and recognizing that N £ = e~ l , gives the condition 

— E~^Cl 

(1.16) lim — ; = constant, 

£^0 -logflf 

and this is true when 

(1.17) fl £ = -£ 3 log£. 

However, in this case d e - c e = 0(a E ) in (1.13) is too small, and this 
is why Theorem 1.3.3 is not valid in dimension n = 2. Indeed, if the 
error in (1.13) is estimated by discrepancy we get, using (5.6), 

error < e s , for any s £ (0, 1) and a.e. normal v £ S 1 , 

but this is not nearly enough since a e /e = -e 2 log e is much smaller. 

The remaining properties in lemma 2.0.8 will be proven in Section 2 
on correctors. 



2. Correctors 



We are going to construct the correctors w £ by determining the 
restriction of w E to each cell Q £ (ek) c Q, k £ Z". Let 



(2.1) 



C\ = {v>lorvy\,veHl{B £l2 )), 



for any y\ = T n T k £ such that y\ + 0. The solution w\ of equation (1.8) 
can be characterized as follows: 



(2.2) 



\Vw\\ 2 dx = inf 



7 

,JB £/2 (£/c) 



\Wv\ 2 dx: veC k £ 
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This problem has a unique solution satisfying Aw k = in B £ / 2 (ek) \ y k 
and w k = 1 on y\, and 

f ,JVw k £ \ 2 dx 

(23) K**^ >lf£ ^ o. 

cap(y*) 

To see this we make a scaling and a translation x h-> a £ x + ek, w k e (x) = 
w k £ (a £ x + ek). Then (2.3) becomes 



(2.4) 



L |Vz^| 2 ix 

J O t /2a c 



cap(y k ) 

where y k = a~ l {y k £ - ek) is independent of e and vb k e satisfies 



|V^| 2 dx 



(2.5) 



= inf \Vv\ 2 dx : v e Hj(B £/2a J and 17 > 1 on yH , 

which converges to cap(y fc ). 

We proceed with some proporties of averaged capacity, described 
in Definition 1.3.2, and its relation to the correctors. First we would 
like to point out that under the assumption that TccB] has Lipschitz 
boundary, it is easy to check that the function f(s) = cap(T n (T + sv)) 
is continuous. Next we compute the averaged capacity for a ball. 

Example 2.0.1. When T is a ball we can compute the averaged capacity 
explicitly. Say T = B r . It is clear that cap v (B r ) is independent ofv so we 
assume v = x„ and T = {x„ = 0}. Then 

cap(B r n (T + sx n ))ds. 

oo 

I/O < s < r, 

B r n (T + sx„) = B' p{s) + sx n , p(s) = Vr 2 - s 2 , 

and cap(B' p ^ + sx n ) = cap(B' p ^) from the translation invariance of capacity. 
We recall from Maz'ya, [12], the capacity of the (n - 1)- dimensional ball 
B' p with respect to R n , n > 3: 

cap{B' p ) = %"" 2 , 
c n 
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where co„ is the surface measure of the unit sphere in W and 

71 1 
C3 = y / c 4 = 1, 

fn-4)!! . „ 

Cn = _ 3 ^ ; / z/ n > 5 is odd, 

7i(n-4)!! 
c »! = wt~. — ^77/ tfn>6is even. 



2(n-3)!! 



Thus, 



cap v (B r ) = 2 f^l(r 2 -s 2 )^ds = 2^r"- 1 f 

Jo C n c n Jo 



(1 - s 2 )' ! 2 rfs (s = rs). 



■> CU 3 2 7T CU 3 7I 2 471/3 71 2 471 2 

cos tot = 2 — r — = — — r = — tzt—' = ~tt'- 
c 3 4 c 3 2 tt/2 2 3 



When n = 3, this becomes, setting s = sin x, 
ca Pv (B r ) = 2^r 2 

c 3 Jo 

Remark 2.0.2. Jf T £ = a £ T,a £ = £S=i, fen 

e-"cflp v (T £ ) = a?p v (T). 
This follows from the scaling properties of the capacity: 

f e (s) :- cap(a £ T n T v (s)) = (a £ ) n ~ 2 cap(T,T v (s/a £ )) = (a £ ) n ~ 2 f(s/a £ ). 
Thus 

J f £ (s)dt = (a £ ) n - 2 J f(s/a £ )dt = (a,)"- 1 J f(s)ds = e" J f(s)ds. 
Remark 2.0.3. If we set 

g £ (s):= f |W e | 2 dx, 

afere w| sofoes (2.2) zwf/z y| = T £ n r v (s), fen if can be concluded in the 
same way that 

g £ (s) = (a £ ) n - 2 G £ (s/a £ ), 

where 

\Vw s £ \ 2 dx, 



/2» £ 



G £ (s) := 

and w s £ solves (2.5) with y s = T n T v (s). Moreover, 

lim G e (s) = /(s), 

£— >0 

and according to the next lemma the convergence is uniform in s. 
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Lemma 2.0.4. Let y c Bi(0) be any compact set. Then, 

cap{y,B R ):= I \VW R \ 2 dx -> cap(y) 
Jb r 

uniformly w.r.t. y where W R is the function satisfying 

\ |VW R | 2 ix = inf f \Vv\ 2 dx, K R = {veH 1 JB R );v = lony}. 

Proof Since capacity canbe characterized by cap(y) = inf^K J \Vv\ 2 dx, 
K = {ve H*(R n ); z; > 1 on y} and K R c K, 

(2.6) cap(y)<cap(y,B R ) 

holds from the definition for all R > 0. 

We can characterize the capacity by using the function v £ Hg(lR n ) 
satisfying 

Ai> = in R" \ y 
< 17 = 1 on y 
v = at infinity. 
From [8] page 27, we know that the capacity of y is given by 

cap (y) = JW&. 

Let h(x) = minjl, j^p^} • Then, since Ah = in R" \ Bi(0) and = 1 
inBi, 

17 < /i on R n \ Bi 

And hence we have 

Z7 < -j^ =: M R on R n \ B R . 
Let v R (x) = max |o, j — j^} - Then, z? R is in K R and hence 
cap(y,B R )< I |W R | 2 dx 

- (^=k? ca p ( '' , ' 

Finally, we get the conclusion by combining (2.6) and (2.7). □ 
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Lemma 2.0.5. If v G S"" 1 is such that v l /v ; G J{,for at least one pair (i, j), 
i, j e {!,..., n\, then for any measurable subset E ofW 



I 1 



\Vw £ \ 2 dx -> a(r n E) cap v (T). 

IE 

Proof. Without loss of generality we assume v„_i/v n G 9K, i.e. a„_i G 
J{, where a G R"" 1 is given by (5.7). We may also assume c = in the 
representation r = {x ■ v = c), by Remark 5.2.1. Let 

r E = proj R n-! (E n r), Z £ = e" 1 ^ n z"" 1 . 

Then 

(2.8) a(T^) = v n a(E n T). 

Note that (fifc + T e ) n T * (Jfc = (£',£„)) is equivalent to 

(2.9) ajf/Z g (c e /£,d e /£)/Z a-k' -k n e (cje,dje) 

for some constants c £ = a £ c and d £ = a £ d as described in Figure 3. If 

(2.9) holds, let 

(2.10) t = t(k') = e(a ■ k' - k n ). 
Thus t{k') = 0(a £ ). Since 

(2.11) -ek + ((ek + T £ ) n D = T £ n (t(k')e n + T) , 

the shape of (ek + T £ ) n T is completely determined by t = t{k'). Let 

d-c 

M be large positive integer and let 5 = — . 
Define 

= I M (i) = (c + (i - 1)6, +i6), i = 1,...,M, 

and let 

A,-(£) = #{f(^)/fl e G /(/) : fc' G Z £ }, / = 1, . . . ,M. 
Then, from lemma 5.2.2, we have 

A(e) = (1 + p(£P(e)p p(0+) = 0, 

where N(e) = #Z £ . 

Since J(z) = (c, d), we have 

|Vw e | 2 dx = ^ 21 I |V«^| 2 £&, 

i=l t(k')/a t el(i) JVe/tW) 

where w\ is a solution satisfying (2.2). From (2.11), we see that the 
energy of w\ is the same as that of w\ Vn in Remark 2.0.3, since 

T £ n {t{k')e n + T) = T £ n (v„f(fc> + r) . 
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That is, 

f \Vw k fdx = f |V<"| 2 dx = g E (tv n ). 

JB e / 2 (ek) JB e/ 2 

From this, we have the following: 

M 



\Vw E \ 2 dx = Y J Yj I Ww\\ 2 dx 

i=\ t(k')/a t el(i) JVe/tW) 
M ^ 

< YAi{e) sup I \Vw v e nt \ 2 dx 

jrf t/a £ el(i) JB e/2 (ek) 



M 

= J\A(£) sup g e (tv n ) 

i=1 t/a £ el(i) 



c M 

a F o 



< (1 + p(t))N(e)— £ sup£ £ (a £ fv n ) 



< (1 + p(e))-^r V <- 2 supG £ (fv„), 



£ £ — te/(i) 



where p(0+) = 0. 

Taking limit superior on both sides we obtain, by the uniform 
convergence of G £ , 

r M — c) M 

limsup I \Vw £ \ 2 dx < o(T' E ) — — — ) sup/(v„t). 

£^0 JE M tel(i) 

Then, passing to the limit M — > oo and using (2.8), 
limsup I \Vw E \ 2 dx < o(T' E ) I f(v n t)dt 

e^O JE J 

= j f(s)ds = a(T HE) j f(s)ds. 
In a completely analogous way we find 

liminf JjVw £ \ 2 dx > a(TnE) J f(s)ds. 

Hence 

lim inf \Vw £ \ 2 dx = a(T n E) J f(s)ds, 
as claimed. □ 
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We proceed with some lemmas that are needed later for the proof of 
Lemma 2.0.8. Without loss of generality we may assume, by rotating 
the coordinates, that T = {x„ = 0} and thus da = dx' . 

Lemma 2.0.6 (Compact embedding with o(e) error). Suppose v e — v 
in Hj(Q). Then 



e X X ( V£ ( x ' ,Xn 



) - v(x', 0))dx'dx n — > 0. 

Proof. Since T is part of the boundary of the set Q+ = Q n {x n > 0}, v e 
has a trace on I. That is, there is a continuous mapping 

H\Q) h> H 1/2 (r). 

For a definition of H 1 ^ 2 (r) and its properties, see [4] p 51. By the 
fundamental theorem of calculus, Holder's inequality and Young's 
inequality: 



- J ( (v e (x',x n ) - v E (x',0))dx'dx n 
£ Jo Jr 

= - I f f d yn v e {x?, y n )dy n dx'dx n 
£ Jo JrnQ Jo 



-J J (J dy»l (J \Ve(x',y n )\ 2 dy n \ dx'dx n 

nV^I I l<?;/„^(^/yn)| 2 ^yn] ^'^n 
no \Jo / 

n^ /4 ^ /4 ( I \d yn v £ {x',y n )\ 2 dyA dx'dx„ 
_ in \ Jo / 

~ £ X + 2^ ^" l|z;| &J(n)) rfx " 

Additionally, 

- J | (y t (x',0) - v(x' ,0))dx'dx n 
£ ' Jo Jr 

= ( (z; £ (x', 0) - Z7(x', 0))dx' as e 0, 
Jmo 

since the inclusion H 1/2 (f n Q) c L 2 (f) is compact. □ 



< 



< 
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Next we note that there exist measures p\ and v\ such that 

(2.12) Aw k e = p\- v \> supp p k e c dB E (ek), suppv^ c y\. 
We define 

(2.13) p E = J^ & 

k 

Lemma 2.0.7. Ifvi/Vj G ,91 for some i, j G {1, . . . , n}, fen 

p £ — »■* cap v (T)a, weakly star in the sense of measures. 

That is, 

(p £ ,(p) — > cap v (T) ^ (pdo, for all <p e Q°(Q). 

Proof It is clear that 

I <pdjU £ < ||(p|| L » I dp £ , <p G C~. 
Jn Jq 

From (2.12) and the fact that (1 - w e ) is zero on Y e = Uk~y k and 1 on 
U k dB e (ek) we get 

I djU e = I Aw e (l - w e ) = I \Vw £ \ 2 dx < C. 
Jet Jn Jn 

Thus p £ — »■* p for a subsequence, where p is a finite measure. Since 

finite measures on R" are regular, it is enough to determine lim e jT dp £ 

for every open and every closed set EcQ. Moreover, it is clear that 

supp p c T. By Lemma 2.0.5, 

J dp = lim ^ dp E = ^ \Vw £ \ 2 dx — » cap v (T)cr(E n T), 

which proves the lemma. □ 

We are now in a position to prove the key lemma of the paper. 
Lemma 2.0.8. 

For a.e. v G S"" 1 , there exists a sequence of functions w £ satisfying 

(1) w £ = 1 on T e . 

(2) w £ — > weakly in Hj(Q) 

(3) For every sequence z £ g Hj(Q) such that z £ = 0onT £ , ||z £ || L °o (Q) < C 
and z £ — > z weakly in H^(Q) there holds 

(2.14) lim(Azy £ , (pz £ ) H -i H i — » ca/? (T) I <pzdcr, 
for all <p G £>(Q). 
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Proof. By Lemma 5.2 there exists a pair (i, j), i + j such that v,/v ; e 31 
for a.e. v e S"" 1 . The first property (1) is clear from the construction 
of w e , see (1.7)-(1.8). By Lemma 2.0.5, w £ is uniformly bounded in 
Hg(Q). Thus we can choose a subsequence w Ej which converges to 
some Wo weakly in H^(D). Since w e . converges Wq strongly in L 2 (Q), 
we can select a subsequence of w £j which converges to Wq almost 
everywhere. But, w £ converges to except on T and hence Wq = 0. 
Now, we will show (3). By applying Lemma 2.0.6 to the function 
v £ = z £ (p, we see that 



and thus 

(z £ (p)(x', ex n ) =: v £ {x',x n ) -> v{x',x„) := (z(p)(x',0), 

a.e. on S:= (rnQ)x (-1/2, 1/2). By Egoroff's theorem we can assert 
the existence of a set S§ such that 

v £ — > v uniformly on S§, \S \ S§| < 5, 

for any 5 > 0. Upon rescaling we find: 

There exists e > such that 

\(z £ (p)(x' ,x n ) - (z(p)(x',0)\ < 5 on S £ 5 , \S £ \ S e 5 \ < eb, for all e < e , 

where, for any set E £ 1R", E e = {(x' , ex n ) : (x',x n ) 6 £}. Note that since 
Aw £ = y. £ -v £ with supp v £ c T £ and z £ = on T £ , 



According to Lemma 2.0.7 the first integral on the right hand side 
of (2.15) is bounded by 



For the other term, we may cover S \ S 6 by a countable union 
of cubes Qi such that £ f |Q,-| < 26 and, say, |Q,-| = r/» Let QJ = 
{x' : (x',x n ) G Q ; } and note that Q, = QJ x (x° n ,x° n + //,-) and = 





This allows us to compute 



(2.15) 




(2.16) 
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Q' t x (ex° n , ex Q n + et]i), for some x° n . To estimate the second integral in 
(2.15) it is convenient to construct a barrier for \i e . Let B r D T and let 
w £ satisfy 

W £ = 1 On B ra£ 

w e = on dB e / 2 
Aw £ = in B e/2 \ B raE 

(Note that B me c B £/2 if £ is small enough). Then since B TOf D T £ , the 
maximum principle tells us that w £ > w £ in B £ / 2 . This implies that 

a< dWe \ < d ™ £ \ < r^(a v-z 



It follows that 



J A t J<?B E/2 (£Jt)nA 



I JdB £/z (ek)nA 

for any measurable A c Q. In particular, 

r d// e <cv r £ i_n (fl e ) B - 2 ds 

i J(2f V «W(**)nQ? 

- C '^E, f e l - n (a e ) n - 2 dS, 

*-f JdB e i 2 (ek)nQ' i x{.-el2,El2) 

where 



JdB 



e n {ci £ ) n ~ dS < Cma n -\ 

5B tV2 (^)nQ;x(-£/2 /£ /2) 

This follows from the fact the x n axis is scaled by rjf. 

Aiea(dB E/2 (ek) n Q-) = Aiea(dB E/2 (ek) n Q\ x (£X°, £ x° + £//,■)) 

< Area(<9B £/2 (£fc) n Q\ x (-7/ f £/2,r/ f £/2)) 

< Cr/i Area(<9B e/2 (£fc) n QJ x (- e /2, e/2)) 

where Area(E) = JT <2S. Moreover we know that, for small £, the sum 
in (2.17) has approximately £~ n a £ r/* _1 terms, by Lemma 5.2.2. Thus 
L e d\i £ < Crj" = C\Qi\, £ small. In conclusion, 

f dii e <cY\Qi\<3Cb. 



It follows that 

<C5. 



I {z £ (p - z(p)d\i t 
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Thus, according to (2.15)-(2.16), it remains to prove that 



lim 



I zcp(x' ,0)dp £ 
Ja 



exists. Since cpz is a measurable function on T there exists by Lusin's 
theorem a set T 5 such that |r \ T 6 \ < 5 and <pz is continuous on T 6 . By 
extending the function cpz(x', 0) and T to Q by cpz{x' , x„) = (pz(x', 0), it 
follows from Lemma 2.0.7 that 



lim I <pzdp £ = cap (T) I (pzdo. 



Using (2.15) and Lemma 2.0.7 we obtain 

lim I z £ (pdp £ = cap v (T) I zcpdo + lim I zcpd(i E . 
e Jo Jr a £ Jr\r 6 x(- e /2,£/2) 

Since the second term is 0(5) this completes the proof. □ 

3. Proof of Theorem 1.3.3 

Having established Lemma 2.0.8, Theorem 1.3.3 follows in a stan- 
dard way. The arguments are very similar to those in [5], and we will 
just indicate the necessary modifications that have to be made. We 
always assume that the normal v satisfies v,-/vy for some i + j, so that 
Lemma 2.0.8 may be applied. 

Lemma 3.0.9 (l.s.c. of the energy). Let z £ e H^be a uniformly bounded 
sequence which is bounded uniformly in e satisfies z £ z in and z £ = 
on T £ . Then, we have 

liminf I \Vz £ \ 2 dx > I |Vz| 2 dx + cap v (T) J z 2 do. 
Ja Jet ' Jr 

Proof Identical to that of [5]. □ 

Lemma 3.0.10. Let u £ be the solution of equation (1.3). Then, we have the 
following estimate: 



r i , 

lim sup I -|Vw £ | - fu £ ax 
Jn 2 

< inf f hvv\ 2 - fvdx + \cap v {T) f ((^ - v) + fdo. 



(3.1) " 



Proof. Let v e C^°(Q) and v > 0. Define 

v £ = (w £ - l)(t/> - z?) + + (xf> - v)~ + t/> 
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and let us prove that v £ G < K^ C . If x G T £ and v(x) > xp(x), then 
v £ = -(ip - v)(x) + ip(x) = v(x) > ip(x). If x G r £ and v(x) < ip(x), then 
v £ (x) = ip(x), since w £ = 1 on T £ . It remains to show that v £ > in 
Q \ T £ . If ip(x) < v(x), v £ (x) = v(x) > 0. If ip(x) > v(x), then 

v £ (x) = w £ (ip - v)(x) + v(x) > 0. 

Note also that v £ — v weakly in Hg(Q). From the definition of u £ we 
have 

J(u £ ) < J(v £ ). 

We refer to [5] for the rest of the proof. □ 
Lemma 3.0.11. 

liminf £ ±\Vu £ \ 2 > £ ||Vw| 2 + cap v (T) jT(ty - u) + fdo. 

Proof. We use the identity 

U £ = -(iff -u £ ) + ip = -(ip - u £ ) + + (xp- u £ )~ + xp. 

Since u £ > ip on T £ , (ip - u £ ) + = on r e . Now consider \Vu £ \ 2 dx and 
apply Lemma 3.0.9 on the term (ip - u £ ) + . □ 

Proof of Theorem 1.3.3. Let u £ be the solution of (1.3) and let v G Hp(Q) 
be any function such that v > \p + in Q. Then v G ( K l b e for all e and one 
easily obtains a uniform bound of ||w e || H i (Q) by using v in (1.3). Thus 

u £ — >- w in Hq(Q) for a subsequence. From Lemma 3.0.10 and Lemma 
3.0.11, 

£ ||Vw| 2 - /Mix + cap v (T)^ JTCCV - u ) + ? do 

< liminf \ ^|Vu e | 2 - fu £ dx < limsup \ ^|Vm £ | 2 - fu e dx 

Jn 2 Jn 2 

< ||Vz7| 2 - /z;rfx + cap v (T) - v) + ) 2 do, 

for all v G Hq(Q), v > 0. This proves that w minimizes / v over 
{v G Hp(Q) : 17 > 0}, from which the uniqueness of the limit follows. 
Thus all subsequential limits agree and this implies that the entire 
sequence {u £ } £ converges to u, weakly in H^(D). 

The fact that u solves (1.6) follows from standard considerations in 
variational inequalities. □ 
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4. The Case of General Hyper-Surfaces 



In this section we consider again problem (1.3), but for a more 
general class of surfaces than hyper-planes. Our assumptions are 
that T is a hyper-surface in W of class C 2 with a unit normal-field 
v(x) such that v n (x) > A > 0. Thus 



for some h e C 2 (r^). We recall that T^ = proj^r n Q. As before we 
define 



The idea is to locally approximate T by its tangent-plane in a neig- 
bourhood of each x e T n Q. This can be compared to the theory 
developed in [11]. The diameter of this neigbourhood has to be small 
enough in order for the tangent-plane to be close to T, but still large 
enough in order for some averaging to occur. This leads to two nec- 
essary conditions on these neigbourhoods. For any x, £ I, let Q r X^i) 
be the cube of side r £ and center X{, and denote by n e (Xj) the restriction 
to QrX x i) °f the- tangent-plane to T at X;. 

The first condition comes from the fact that the distance between T 
and n E (Xi) has to small enough in order for the intersections between 
n e (Xj) and T £ to be the same as those between T and T e , up to a 
small error. Since the size of the perforations are of order a £ = e nl{ - n ~ X) 
and the distance between T and n e {x t ) in Q Tc { x d is controlled by Cr\, 
according to (4.1) and Taylor expansion, it is necessary that r\ = o(a £ ). 
If we assume r E = e q , then 

(4.3) r £ = o(a £ ) if and only if q > — _ 

The second condition comes from the discrepancy of the sequence 

(4.4) co re = co re (xd = W ■ a{xi) : k' e e^Q'Jxd n Z"" 1 }. 
The cardinality of the set e~ l Q' n Z"" 1 is 



We need to determine the number 

(4.6) A(e p ) = #{k' g e^Q'^Xi) n Z"" 1 : k' ■ a/Z e[t,t + e p ]/Z}, 

for/? = l/(n-l)andany t e (0,1), compare Section 5.2, equation (5.12). 
If we assume a t £ for some 1 < i < n - 1, then an application of 



(4.1) 



r n o = {(x',h(x')) : x' g r^}, ||/*|| c2(ry < c, 



(4.2) 



a(x) = («i (x), . . . , a n - X (x)), a { = v f /v : 



(4.5) 
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step 1 in Lemma 5.2.2 leads to the estimate 



(4.7) 



A(eP) 



N(a) 



< D e ( Xi ) = o , for any s e (0, 1), 



where D £ (x,) is the discrepancy of the sequence co n ( x d defined in 
(4.4). Solving (4.7) for A{^) we find 

(4.8) A(£0 = N(e)£ p + N(e)o(e s(1_9) ). 

Clearly this information has value only if e x ~ q = o(e p ), or equivalently 
p < 1 - q. This leads to the condition 

(4.9) , < 

In conclusion, we should locally approximate the hyper-surface T 
by its tangent-plane in cubes Q £ i(Xi) where q has to satisfy both (4.3) 
and (4.9), i.e. 

(410) 57 iL -TT<9< !1 4- 

2(n-l) 7 n-1 

This is possible if and only if n > 5. 

4.1. Effective equations. The correctors w £ constructed in Section 2 
are defined in precisely the same way for the hyper-surface case. We 
shall start by characterizing those surfaces for which we are able to 
generalize our homogenization result, Theorem 1.3.3. Fix s £ (0,1). 
Let 

(4.11) P = {xeT: D £ (x) < je sa ~\ 

where D e (x) is the discrepancy of oo re (x). The sequence co r£ (x) is de- 
fined in (4.4). If (Xi(x) G J\ for some 1 < i < n — 1, then x £ P for large 
enough /, by (4.7). In fact, a - a.e. x £ T n Q belongs to T ; for large 
enough;. This can be proved in the same way as Lemma 5.2. To prove 
a homogenization result for T, we need the following hypothesis on 
I : 

(4.12) lim cap((r \ P) n Q) = 0. 

j— >oo 

Lemma 4.1.1. Let u{ solve (1.3) with F in place o/T. T/zen as e — > 0, 
u> where u ; is f/ze unique minimizer of 

(4.13) 

/&) == £ - fvdx + \ jT cap v(x) (T)((xp - v) + fdo{x), v>Q. 
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In particular, u> is the solution of 

(4.14) -Am> = cap v{x) (T)(xp - u) + do\ T > + fx lu J>o}- 

That is, cap v ^(T) depends in general on the point x £ P. 

Proof. To indicate the dependence of the correctors on P, we write 
w Et j for the corrector and \i t j for the corresponding measure, given 
by(2.12)-(2.13). 

0{Q e i{x) n P) J Qtl)W 

converges to F(x) = cap vW (T)ase — > 0, by Lemma 2.0.5. Furthermore 
this convergence is uniform by definition of P. The generalization 
of Lemma 2.0.6 to a hyper-surface of class C 2 is strainght forward. It 
thus remains only to determine the weak limit of /i £/ y. For any e > 0, 
we may cover T' by a finite number of disjoint sets 

QAx^nP, %\ g p. 

Thus, if E c R", then 

|U ; (E) = lim |Vit; e /dx = Um ^ o(Q £P (4) n r')F £ (4) 



JrnE 



ca Pvw( T ) rfc7 ( x )' 



due to the uniform convergence of F £ . The result follows exactly as 
in the hyper-plane case, but equation (2.14) is replaced by 

(4.15) lim<Aw; £ cpz £ ) -» f cap,, (T)cpzdo(x). 

£— >0 w 



□ 



Theorem 4.1.2. Let u e solve (1.3) and suppose T satisfies assumption 
(4.12). Then as e — > 0, u £ — »■ u in Hg(Q) w/zere u is the unique minimizer 
of 

(4.16) 

h(v):= fhvv\ 2 -fvdx+^ fcap v{x) (T)((ip-v) + ) 2 da(x), v>0. 

In particular, u is the solution of 

(4.17) -Aw = cap v(x) (T)(ip - u) + do + f X{u >o}. 
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Proof. Let C = and let vi be the capacity potential of T \ P. Then 
-Ai^' > and v> > Xr\ri- By our assumption, (4.12), v> in H^Q). 
Since \b[ = ibx T i < ipXr, = we have u{ < u £ . Let g{ = u{ + CvK 

Then g{ > ip e and -Ag e > in Q. Therefore g\ > u e in Q. Indeed, 
otherwise min{g' E , u £ ) would be a supersolution of (1.3) that is smaller 
than u £ on some set of positive capacity, contradicting the minimality 
of u e . Thus 

u{ < u £ < u{ + vK 
Taking first e — > 0, then ; — > oo, we see that 

u) — »■ u. 

Since 

(4.18) £ ±\Vuf + fu'dx + \ f cap vW (T)((^ - U rfda{x) 

(4.19) < £ ||Vz7| 2 + /wfe + \ £ ca PvW (T)((V - z;) + ) 2 ia(x), 

(4.20) for all 17 £ H,J(Q), z; > 0, 

the conclusion follows after passing to the limit / — > oo in (4.18), and 
using the weak lower semicontinuity of the norm on Hq(Q) for the 
term \\Vufdx. 

□ 

We conclude by giving an example of a hyper-surface T that satis- 
fies (4.12). 

Example 4.1.3. Let be a real number such that tan0 £ 31 and set 
e = (cos 6, sin 0, 0, • • • ,0) £ W and e 1 - = (sin 6, - cos 0). Lei g be a 
smooth real valued function depending on then -2 variables x 3 ,...,x n and 
define the graph 

Q = {g(x3, x„)e + (0, 0, x 3 , . . . , x n )}. 

Then a hyper-surface in R" is constructed by 

I = Q + te ± , t £ R. 

The normal vector v(x) to T at x is always orthogonal to e 1 - and thus 
v 2 (x)/vi(x) = tan 6 £ 31 for all x £ T. This means that T = Ti when j is 
large enough, which clearly implies (4.12). 



26 



KI-AHM LEE, MARTIN STROMQVIST, AND MINHA YOO 



5. Appendix: Uniform distribution mod 1 



This section contains a general discussion of uniform distribution 
mod 1, and builds up the necessary theory for the present homoge- 
nization problem. An excellent introduction to the theory of uniform 
distribution is the book by Kuipers and Niederreiter, [10]. For the 
readers convenience we have gathered the basic theory of uniform 
distribution, in particular discrepancy here. Most of the material, 
except possibly Lemma 5.2.2, is standard. 

A fundamental problem already encountered in the introduction 
was that of estimating the error in the approximation 



N E e ' 
where N £ is the number of k' £ Z"" 1 such that 

(k' ,k' ■ a) G £ _1 Q, 

and A £ the fraction of these points that intersect T £ , see (1.13). Thus 
we are led to study the distribution mod 1 of sequences of this type. 
We start by considering sequences ka with IeZ and a e R. This 
will then be generalized to the higher dimensional case. 

5.1. Known Result for the 1-dimensional sequence {ka}. First we 
define the notion of uniform distribution. 

Definition 5.1.1 (Uniform distribution mod 1). 

(1) Let {Xj}°° =l be given sequence of real numbers. For a positive integer 

N and a subset E of [0, 1], let the counting function A (E; {x ; };N) 
be defined as the numbers of terms Xj, 1 < j < N,for which Xj £ E 
(mod 1). 

(2) The sequence of real numbers is said to be uniformly distributed 
modulo 1 if for every pair a, b of real numbers with < a < b < 1 
we have 



where we have extended X[a,b) to a 1-periodic function in IR. 

This simple observation and approximation technique lead to the 
following criterion. 



A £ 



(5.1) 




Since f X[a,b)dx = b - a, we can deduce 



(5.2) 
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Theorem 5.1.2. The sequence {xj}°° =l is uniformly distributed mod 1 if and 
only if for every real-valued continuous function f defined on the closed 
unit interval I = [0, 1], we have (upon extending f periodically to R) 



Fourier expansion of the function / above leads to a useful criterion 
for uniform distribution. 

Lemma 5.1.3 (Weyl's criterion). A sequence {xj}°° =l is uniformly dis- 
tributed mod 1 if and only if 



for any nonzero I £ Z. 

Let us start by assuming that a £ IR and k e IN. Then it follows 
from Weyl's criterion that the sequence {ka}k is uniformly distributed 
if and only if a is irrational. 

In fact, it turns out that we will need more information than "the 
sequence {ka}k has uniform distribution". If a sequence {Xj} is uni- 
formly distributed the above definition implies that 



(5.4) A([0,N-h{x j },N) = N- 1 iN(l + p(N- 1 )), p(0 + ) = 0. 



This is a much stronger result that relies on deeper arithmetic prop- 
erties of of a. 

To proceed, we recall the discrepancy of a sequence {Xj}J =r 

Definition 5.1.4. Letixj}^ be a sequence of real numbers. The discrepancy 
of its N first elements is the number 



(5.3) 





A([a, b)', {*,-}, N) = (b - a)N(l + p(N" 1 )), 

where p(0 + ) = 0. However, if, for example a = and b = N~i, we 
cannot assert that 



D N ({Xj}j =1 ) = sup 



0<a<b<l 



A{[a,b);{ka},N) 
N 



-(&-«). 



If Xj = ja, we simply write D N (a). 
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Note that 

A{[0,N-i);{Xj},N) 



\A([0,N-i);{Xj},N) -N"2N| = N 
< ND N (a), 



N 



1ST 2 



by definition of the discrepancy. Thus if D N = o(N~z) we obtain 
(5.4). The discrepancy of sequences {ka}™ =l , agR has been studied 
extensively. Here are some strong results: 

Theorem 5.1.5. [9] 

(55) NDn(CX) , 2 

V ' ; logNlog(logN) 7T 2 

m measure w.r.t. a as N — > oo. In particular, this result is true for a.e. a 
in a bounded set. 

Theorem 5.1.6. [10] For a.e. a e IR ho/rfs 

Oog 2+6 N) 



D N (a) = O 



N 



for any 5 > 0. 

Theorem 5.1.5 is due to Harry Kesten, [9], and Theorem 5.1.6 can 
be found as an exercise in [10]. The importance of these theorems to 
the application at hand is that 

(5.6) D N (a) = o i f° r an d any < p < 1. 

In view of Theorem 5.1.6, the condition (5.6) holds for a.e. a e R. 

Definition 5.1.7. If a € IR satisfies the condition of (5.6) we write 

5.2. Application to the sequence {k'-a}. Let us describe how to apply 
the theory of uniform distribution mod 1 to our homogenization 
problem. Let I = {x ■ v = Xq ■ v). Then the limiting energy of the 
correctors, 

lim I \Vw e \ 2 dx, 

determines the character of the limit problem, as described in the 
outline. As soon as we know how many times T intersects a certain 
portion of T e , this energy may be computed. By assuming v n + 0, T 
can be represented by a graph of an affine function as follows: 

T = {(x',a ■ x' + c)}, 



HIGHLY OSCILLATING THIN OBSTACLES 29 

where 

(5.7) Ui = —Vi/v n f or i = 1, . . . ,n - 1, 

(5.8) c = x • v/v n , 
x' G R n_1 . 

We assume c = 0, but see Remark 5.2.1. 

To make our problem more precise, we introduce a few notations 
first. Let 1^ be the projection of T n Q on R" -1 x {0}, i.e. 

(5.9) T' n = {x' e R" _1 : (*',*„) e Q n T for some x n e R} 
and let 

(5.10) Ze = £ -1 F Q n Z"" 1 . 

As we saw in the introduction, for any fixed k' G Z, e , there exists a 
unique k n G Z such that 



(5.11) a-k' -k n e 



I'lV 



We shall only consider Jfc = (k',k n ) G e"^ n Z" such that (5.11) holds 
and A:' G . Then the number a-k' -k n determines where T intersects 
Q e (£k). Since the perforations 

T k E = a £ T + ek, a £ = 

have decay rate a e , we have to determine the number of points a-k'-k n 
in any interval of length proportional to 

(5.12) aje = e p , p = l/(n - 1). 
We recall that, for [t, t + e?) c [-1/2, 1/2), 

a-k' -k n e[t,t + e p ) if and only if a-k' /Ze [f, f + £ P )/Z. 
For this reason we define 

(5.13) N(£) := #Ze = # (e -1 ^ n Z"" 1 ) , 

(5.14) A( £ p, f) := #{k' g £ _ ^Tq n Z"" 1 : a • Jf/Z e [f, f + e p )/Z}. 

Note that A(e p , f) and N(e) depend on a and the set T' Q . Our aim is to 
prove that whenever some a, G J{, 

A(ef, t) = (l + p(e))N(e)er, p(0+) = 0, 

for some modulus of continuity p(e) that is independent of t. 
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Remark 5.2.1. Ifc^O in (5.8) we get 

A(eP,t) = #{k' e e' 1 !^ n Z"" 1 : (ak' + c/e)/Z e (f,f + £ P )/Z}. 

But if this is asymptotically independent of t for c = 0, then the same holds 
for any c. The set Y' Q will however depend on c. 

For notational convenience we prove the next lemma for a set 
E c R m , replacing 1^ by E in (5.13) and (5.14). The result then 
follows by taking E = T' a , m = n — 1. We remark that Lemma 5.2.2 
below could possibly be found in the litterature, but we have not 
been able to retrieve it. However, Step 1 is essentially a consequence 
of Theorem 2.6 in [10]. 

Lemma 5.2.2. Let E c R m be Eebesgue measurable and have positive 
measure. Let a = (ct\,...,a m ) and assume at £ tA, for at least one i £ 
{1, ...,m}. Let 

(5.15) N(£) = #(£- 1 £nZ"- 1 ) / 

(5.16) A( £ p, f) := £ n Z"" 1 : a • fc'/Z £ [f, f + e^/Z}. 
Then for any <p <1, 

A{e v ,t) = (1 + p(e))N(e)e p , for some p such that p(0 + ) = 0. 

To prove the lemma we will use a Fubini-type summation argu- 
ment and the classical result concerning the distribution mod 1 of 
sequences of the type {ka}keK, (5.6). The idea is to control E{e v ) in (??) 
by a quantity of the type 

D e -i(a f ), 

where D e -i(a l ) is the discrepancy of the sequence {ja 1 }, 1 < j < e~ l , 
and a 1 £ JH. 

Proof of Lemma 5.2.2. Step 1. Suppose first that E is a cube, E = x + 
(a, b) m . Without loss of generality we may assume a m £ J\. Let 

(5.17) S' £ := {Jf £ Z m_1 : (fc',fc m ) £ e^E, for some fc m £ Z}. 
If k! £ Sg, there exist integers m £ ,M £ such that 

(5.18) (k',k m ) £ (£-*£) n Z m , for m £ <k m < M £ . 
Hence 

N(£) = (#S;)H e/ H £ = M e - m e . 

Let 

A fc /(£ p , f) = #{k m :a'-k' + a m k m e[t,t + e p ]/Z, m E <k m < M e }, 
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where a! = {pt\, . . . ,a m -\). Then 

A( £ r,t) = Y u A k ,( £ r,t). 

k'eS' t . 

From (5.18) we conclude that 

= #{k m :a'-k' + a m k m £ [t,t + e p ]fZ, m £ <k m < M £ } 

= #{k m : a' -k' + (m £ - l)a m + k m a m e [t, t + e p ]/Z, 1 < k m < H £ + 1} 

= #{k m : k m a m e[t,t + e p ]/Z, l<k m <H £ + 1} 

for some t where H £ = M £ - m £ . So, for fixed k' e S' £ we can apply 
(5.6) to the sequence 

\k m : k m a m e [t~t + e v \IX, \<k m < H £ }. 

Hence we have the following estimate which is uniform in t and t: 



H £ 

A k ,(eP,t) 



\[U+er]\ 



<D He (a m )=o(H7), 0<p<l. 



From the above estimate, we have 



A(eP,t) 



N(e) 



< 



N £ 



(5.19) 



E 

k'eS' 



A k ,(£ p ,t) 



H £ 



~wTa DH ^ m) = D ^ (aM) = ° {eV) ' aS 6 °- 



k'eS', 



Step 2. Suppose E is the union of a finite number of disjoint cubes, 



M 



Let 



Then 



E = LM Q ; 'nQ f = 0ifi*/. 
j=i 

N j (e) = #(e- 1 QinZ"- 1 ), 

Aj(eP, t) := #{k' e e~ 1 Q n Z"" 1 : a • Jf/Z € [f, t + e^/Z}. 

N( £ ) = £n ; ( £ ), 

/ 

a( £ p,o = X a ^O- 
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Hence we obtain 

A(er,t) 



N(e) 



Njie) 
N(e) 



By Step 1. each term in this sum is o{e v ). 

Step 3. For the general case, the fact that the Lebesgue measure is 
regular allows us, for any given 5 > 0, to choose domains L and U 
consisting of a finite number of disjoint cubes such that L c E c U 
and \U-L\< 5. Let A L {e^,t), N L (e) and A u (e v ,t), N u (e) be given by 
(5.15)-(5.16), with E replaced by L and U respectively Then, from the 
relation L c E c U, we have 



( A L (er,t) 
\ N u (e) 



< £' 



< A(er,t) 
\ N(e) 



< £ 



< A u ( £ r,t) 
\ N L (e) 



The third term of above can be written as 



{ N L (e) 




,N U ( A u (eP,t) 
N L I N u (£) 



+ 



Since lim — — = — , we have 
Nl \E\ 



lim sup £ 



-p 



. N(£) 



-£ p 



< limsup £ p — — 



< (1 + 26) lim j 



' A u ( £ p,Q 

^ N U (£) 
Au(£P,Q 
N U (£) 



-£ p i 



+ 



+ 
|L| 



Similarly, we have 



liminff p 

£^0 



'A(e?,t) 



£ p > , 



and the convergence is uniform with respect to t. This completes the 
proof. 

□ 

For a plane T = {x ■ v = c} we have shown that if Vj + 0, a = 
(ai, . . . , a„-i), = v,7vy, z + j and if a, 6 <9\ for some z, then 

^^ = £ P +o(en, 0<p<l. 
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It is clearly desirable to determine the set of directions v £ S" 1 for 
which this holds. 



Lemma 5.2.3. For a.e. v e S" , there is a pair Vj,Vj such that v,/v ; - £ !A. 

Proof. Fix a set Ej c S"" 1 and suppose v ; - > A > on Ej. Let E ; - = (vE 
Ej : Vi/Vj $ J{ for i + /}. If we prove ra SK -i(E ; ) = we are done, since 
S n_1 may be covered by sets [Ej)i<j<„ such that Vy > A on Ey, for some 
small A. Let O : S"" 1 — > R"" 1 be a local diffeomorphism such that 

m S n-i(Ej)= \ A{®- l {u))detD<$>- l {u)du, 

J0(Ey) 

du Lebesgue measure on R"" 1 . 

Define a new diffeomorphism W : Ej ■ — > K"" 1 by ^(v) = (vi/Vj)^. 
Then 

[ A(0- 1 (u))detDO- 1 (w)rfu 



A(^" 1 (z;))|detD^- 1 |rfz; = 0, 
since meas({f, 6 R : ^ = for any z + j. 

□ 
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